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ABSTRACT
This thesis introduces an electromagnetic vibratory energy harvester to power consumer electronics by generating electricity from the strides taken during walking or
jogging. The harvester consists of a magnetic pendulum oscillating between two
fixed magnets. The pendulum behaves similar to a rotor in a DC generator, while
the fixed magnets, which are poled opposite to the pendulum, provide magnetic
restoring forces similar to mechanical springs. When attached to a person’s arm,
the swinging motion subjects the magnetic pendulum to base excitations. Consequently, the pendulum oscillates near a stator which has three poles of wound copper
coils. The motion of the pendulum induces a time-varying magnetic field in the flux
path which generates electricity in the coils as per Faraday’s law.
To better understand the response behavior of the device, the thesis presents a
nonlinear electromechanical model that describes the interaction between the mechanical and electrical subsystems. Experimental system identification is then implemented to characterize several unknown design parameters, including the nonlinear
magnetic restoring torque, the mechanical damping coefficient, and the electromechanical coupling. The derived nonlinear mathematical model, which mimics the
behavior of a damped Duffing oscillator, is then solved analytically using the method
of multiple scales and the results are compared to experimental data showing good
agreement for the design parameters considered. The performance of the device
in charging a small battery while jogging is investigated. The motion of a typical
swinging arm in terms of frequency and acceleration is reproduced on an electrodynamic shaker and used to charge a 100 µ Ah battery yielding an estimated charging
time of 12 minutes.
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Chapter 1
Introduction
1.1

Energy Solutions for Electronic Devices

Current trends in electronic equipment technologies call for reduction in size and
power consumption while increasing durability and functionality [1]. Today, many
scalable and low-power electronic devices, such as microelectronics and wireless sensors, have become a reality. For instance, critical electronic devices, such as healthmonitoring sensors [2, 3], pace makers [4], spinal stimulators [5], electric pain relievers [6], wireless sensors [7, 8, 9], micro-electromechanical system [10, 11], etc., require
minimal amounts of power to function. For such and similar wearable/portable devices, especially those related to consumer electronics, batteries are still the main
energy source to maintain their operation. However, batteries have not kept pace
with such devices’ demands specially in terms of energy density, in addition to their
limited life and requirement for regular replacement or recharging.
To remedy this problem, energy harvesting technologies are currently being researched as a means to scavenge energy from the environment, realistically turning these devices into self-powered electronics. Such methods are not trying to

1
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completely replace batteries, but to alleviate some of their drawbacks in targeted
applications, especially in relation to energy density and maintenance.

1.2

Classification of Energy Harvesting Methods

Energy harvesting is the process by which energy is scavenged from ambient sources
and transformed into a utilizable form. Its history dates back to windmills, sailing ships, and waterwheels. Today, with the reduction of power requirements from
small electronics, we are taking this same concept into newer directions where small
amounts of energy is harnessed from an environment and transformed into electricity to power and maintain low-power consumption devices. In general, energy
harvesting devices can be classified according to the mechanism by which energy is
converted into electricity. For instance, photovoltaic coupling mechanisms transform
solar energy into electricity, thermoelectric coupling transforms temperature gradients into electricity, and electromechanical coupling converts mechanical motions.
This research focuses on harvesting energy from mechanical vibrations by exploiting
the ability of some active materials or electromechanical mechanisms to generate an
electric potential in response to mechanical stimuli or external vibrations [12, 13, 14].
According to their specific harvesting mechanism, vibratory energy harvesters can
be classified into the following categories:
Piezoelectric Energy Harvesting: In general, piezoelectricity means electricity
resulting from pressure, which is the direct result of the piezoelectric effect. When
piezoelectric materials, such as quartz, are subjected to an external stress, they not
only undergo mechanical strain, but also produce internal electrical charge. Piezoelectric materials have been widely used in industrial and manufacturing areas, such
as sensors, actuators, piezoelectric motors and so forth. This phenomenon is also
currently being exploited to transform mechanical strains to electricity. Piezoelec-
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tric energy harvester have several advantages, especially that they do not require
an external voltage source to operate, and that their output voltages may reach to
tens of volts which is sufficient to power electronic devices. Its disadvantages include
depolarization, brittleness in bulk piezolayer, poor coupling in piezo-films, and high
output impedance.
Electrostatic Energy Harvesting: Electrostatic energy harvesting is based on
changing the capacitance of vibration-dependent varactors. External vibrations separate the plates of initially charged varactor changing their effective capacitance.
As a result, mechanical energy can be converted into useful electrical energy. One
of the major advantages of electrostatic mechanisms is the scalability even to the
microscale. This mechanism also does not require active materials and generates
voltages between two and ten volts. However, it requires an external voltage source
to charge the capacitor to its maximum capacitance prior to being used for energy
harvesting [15].
Magnetostrictive Energy Harvesting: Magnetostriction is a property of ferromagnetic materials, such as Metaglass, Galfenol, and Terfenol-D [16, 17], which
can change their shapes or dimensions during the process of magnetization. Since
magnetostrictive materials can convert magnetic energy into kinetic energy, they
have been used to build actuators and sensors. Magnetostrictive materials can also
undergo a reverse process wherein, applying a mechanical stress changes their domain magnetization. Specifically, when a magnetostrictive material is subjected by
a time-varying strain, it can produce a time-varying magnetic flux, which can be
used to generate current in a pick-up coil based on Faraday’s law. These materials
have ultra-high coupling coefficient, no depolarization issues, high flexibility, and
are suitable for high vibration frequency. Therefore, they have been widely used
for energy harvesting applications. However, it is difficult to scale these harvesters
down, since pick-up coils and bias magnets are required.
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Electromagnetic Energy Harvesting: Electomagnetism has been used to generate electricity shortly after Faraday’s fundamental breakthrough in electromagnetic
induction. An electromagnetic vibratory energy harvester can scavenge energy from
a vibratory environment by relying on external vibrations to move either a conductor or a permanent magnet relative to one another. Such relative motions create
a time-varying magnetic flux which induces a time-varying current in a closed-loop
conductor. Electromagnetic energy harvesters are currently being used to power
wireless sensor nodes and portable devices. They are easy and cheap to design,
but has scalability issues and low energy density because they usually require bulky
magnets and coils [18].
Table 1.1 provides a general comparison among the different vibratory energy harvesting mechanisms.
Table 1.1: Advantages and disadvantages of the different vibratory energy harvesting
mechanisms.
Type

Advantages

Disadvantages

Electrostatic

no smart material

external voltage source

scalable

mechanical constraints needed

voltages of 2-10 V

charging capacitor before use

no external voltage source

depolarization

high voltages > 10 V

high output impedance

compatible with MEMS

charge leakage

Piezoelectric

Magnetostrictive ultra-high coupling coefficient>0.9 nonlinear effect

Electromagnetic

no depolarization problem

pick-up coil

high frequency vibration

scalability

no smart material

scalability

no external voltage source

low voltage ouput

Xiyuan Liu
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Recent Advances in Electromagnetic Energy
Harvesting

In this thesis, we aim to design, model, and test an electromagnetic energy harvester to scavenge energy from human motion to power consumer electronics such
as a wireless computer mouse or an iPod. Before we delve into the details of the harvester’s design, we provide a summary of the recent advances in linear and nonlinear
electromagnetic energy harvesting.

1.3.1

Linear electromagnetic energy harvesters

Linear electromagnetic energy harvesters operate based on the basic principle of
resonance. In other words, when the excitations frequency of the environmental
source matches the fundamental frequency of the harvester, its sets a solid magnet
in motion relative to a stationary coil which generates a time-varying current in the
coil as per Faraday’s law. Several linear harvesting systems have been proposed to
scavenge energy from human motion by different research groups, in which kinetic
energy is harvested via the electromagnetic induction.
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Figure 1.1: Conceptual diagram of a permanent magnet harvester proposed by Niu [19].
Reproduced with permission from author.

In one demonstration, Niu et al. [19] proposed a linear permanent magnet harvester,
which is capable of harvesting energy from a human’s center-of-mass motion. Under
walking conditions, the human body’s center of mass locate at the hip follows an
up and down motion, which can be considered as a sine wave with amplitude of
about 2.5 cm [20]. To convert this mechanical energy generated from this motion,
a permanent magnet harvester was designed and attached as a backpack. The
conceptual diagram of its topology is shown in Fig. 1.1. The outside stators were
fixed, and the coils were wounded on the center part. The center part moved back
and forth along the moving direction, which led to a time-varying magnetic field in
the slider coil. Thus, an AC voltage was generated across the coil. To determine
an optimal design that will produce maximum output power, a transient model
with a magnetic equivalent circuit of the generator is used. A testing machine is
constructed with a case scaling of about 300 mm in length and 70 mm in width.
The generator was experimentally tested with a matched resistor load for a slow
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walking speed of about 0.75 m/s, and the average output power was approximated
95 mW. When the walking speed is increased to 3.1 m/s, about 200 mW power can
be harvested.
In another demonstration, Buren et al. [21] proposed a linear electromagnetic micropower generator to supply power to body-born nodes. Three prototypes with different geometric parameters were used as simulation models. The output power was
ranging from 2 µW to 25 µW depending on its location on the human body with
volume of 0.25 cm3 . In their results, the generator successfully delivered about 35
µW into a resistive load when mounted below a person’s knee.
A research group at MIT suggested that a shoe or a boot has a relatively large
volume of space available in the sole and the heel, which would make an ideal test
platform for exploring body-energy harvesting. Therefore, they developed a system
with embedded piezoelectric materials and miniature control electronics based on
the shoe platform. Owing to limited electromechanical conversion efficiency, the
average power harvested was limited to 8.3 mW at the heel or 1.3 mW at the toes
during a standard walk. After integrating magnetic generators with the piezoelectric
mechanisms into the shoe sole, the average power was increased to approximately
60 mW.

1.3.2

Nonlinear electromagnetic energy harvesters

Since the conventional linear energy harvesters operate based on the principle of
resonance, they do not adequately capture the energy from multi-frequency, timevarying frequency, or broadband excitations. To overcome these problems, nonlinear
energy harvester which can provide a wider frequency bandwidth has attracted more
and more attention in recent years.
Figure 1.2 depicts a schematic diagram of a nonlinear electromagnetic energy har-
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vester designed by Mann and Sims [22]. The device comprises of a center magnet
levitated between two stationary magnets with repelling magnetic poles. The magnetic and repulsive forces act as a nonlinear restoring force. Energy is harvested
from the magnet motion via a coil fabricated from seven layers copper wire wound
around the out casing. The system’s fundamental frequency can be changed by
altering the restoring force through changing the distance between the stationary
magnets.

Figure 1.2: Schematic diagram of the magnetic levitation system proposed by Mann and
Sims [22]. Reproduced with permission from author.

In their study, Mann and Sims calibrated that magnetic restoring forces from measurements of the restoring force and separation distance between the stationary and
center magnets. Inspection of the restoring force equation led to two important
conclusions: (1) the nonlinear restoring forces can enable the linear resonance to
be tuned for changes in static displacement, and, (2) the nonlinear term was independent of separation distance between the center and stationary magnets. No
nonlinear behavior was observed for some range of excitation amplitudes. However,
once the nonlinearities engaged, the peak response of the nonlinear system no longer
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scaled linearly and shifted away from the linear resonance. The peak value of nonlinear system and frequency range for certain responses were much larger than that
of linear system. It is also observed that, as the excitation frequency increased to
a higher value or decreased to a lower value, multiple periodic solutions appeared
due to the nonlinearity. Both theory and experiment captured the jump phenomena
near the primary resonance and the presence of multiple periodic attractors under
relatively large excitation amplitudes.

Figure 1.3: A schematic of the harvester proposed by Barton et al. [23]. Reproduced
with permission from author.

In another research investigation, Barton et al. [23] proposed an electromagnetic
generator involving materials with high magnetic permeability for nonlinear energy harvesting. The device shown in Fig. 1.3 comprised of a mass and a set of
neodymium (NdFeB) magnets mounted at the tip of a cantilever beam in close
proximity to a laminated iron stator. The authors focused on a parameter regime in
which the device is monostable (single potential well). For small-amplitude excita-
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tions, the harvester operated in a near-linear fashion. However, for larger amplitudes
of excitation, the bandwidth of the harvester was greatly increased covering a wide
band of frequencies. Barton et al. [23] also observed the same jump phenomenon
described by Mann and Sims [22].
Beeby et al. [24] presented a small electromagnetic generator utilizing discrete components and optimized for a low ambient vibration level based upon real application
conditions. The generated energy decreased with reducing device volume and input
vibration acceleration. Similar to Mann’s research, when the excitation frequency
increases, the jump phenomenon appeared in the response curves.
A similar setup to that proposed by Beeby et al. [24] was used by Stanton et al.
[25] who demonstrated that the nonlinear behavior resulting from cubic nonlinearity
due to magnetic levitation can be either of the hardening or softening type. This
depended on the location of the stationary magnets. The flexibility of the system to
undergo either a hardening or softening nonlinearity allowed the range of frequencies
that can produce ample power to be stretched to either side of the natural frequency.
Cammarano et al. [26] also utilized a system similar to that proposed by Beeby et
al. [24]. A high transduction coefficient was introduced to a given coil resistance.
Therefore, they were able to increase the strength of the nonlinearity to explore the
complex dynamic behavior of the harvester and the resulting bi-stable compliance
responses. They showed that the complex dynamic behavior of the harvester could
improve the process of energy harvesting from a vibration source. The frequency
response for the oscillator is shown to be much broader than that of a linear system
without a particular peak in the frequency response.
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Research Objectives

The research already carried out in the open literature highlights that electromagnetic vibration-based energy harvesting is an attractive concept for providing power
to various low-power electronics. This thesis explores the use of such harvesters to
power consumer electronics turning them into self powered units. Two devices are
particularly considered, namely, a wireless computer mouse, and, an iPod. In the
mouse application, the harvester will scavenge energy as a result of its continuous
motion during its normal operation; while in the iPod case study, the harvester will
generate electricity during human motion, e.g., walking or jogging. The harvester
can be attached to an upper limb and will generate energy as the person is taking
strides.

Figure 1.4: Schematic diagram of the proposed electromagnetic energy harvester

The power consumption of a wireless laser mouse usually ranges from 10 mW to 30
mW, and the AA battery used in these electronics has the normal voltage ranging
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from 1.25 V to 1.65 V with capacities ranging between 500 − 1000 mAh. An iPod
lithium-ion battery usually requires 3.7 V to charge with a capacity of 400 mAh. If
a harvester can provide the necessary voltage at the terminals of the device, then
the time required to charge it can be calculated by knowing the amount of power it
can possibly supply.
A schematic diagram of the proposed electromagnetic energy harvesting system
is shown in Fig. 1.4. The system consists of a magnetic pendulum oscillating
between two fixed magnets. The pendulum acts similar to a rotor in a DC generator,
while the fixed magnets which are poled opposite to the pendulum provide magnetic
restoring forces acting like a mechanical spring. When subjected to external base
excitations, the pendulum oscillates near a steel stator which has three poles of
wound copper coils as shown in the figure. The motion of the pendulum induces
a time-varying magnetic field in the flux path which generates electricity in the
coils as per Faraday’s law. The harvester can operate in the horizontal and vertical
positions. The horizontal position is most suitable for a computer mouse application
while the vertical position is suitable for walking and jogging applications.
The proposed device has the following unique characteristics:
1. Adjustable fundamental frequency: As described earlier, for enhanced transduction, the harvester’s fundamental frequency needs to match that of the
excitation. The proposed harvester incorporates bottom magnets with adjustable location which allows for changing the restoring force, and, hence the
fundamental frequency of the harvester. For instance, the stride frequency for
human jogging is normally between 2.6-2.8 Hz, and the arm moving frequency
for using a computer mouse is about 3.5-4 Hz[27, 28]. For such cases, the harvester’s fundamental frequency can be adjusted to specific values that match
user requirements to increase the power generated.
2. The coil-wounded stator design: The stator structure is constructed based
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on the original design of an electric generator. When the vibration of the
pendulum induces a change in the magnetic field, magnetic flux forms within
the center magnet and any two poles which maximizes the efficiency of electric
induction.
3. Separation of base and stator: The slot design of the stator allows us to adjust
the distance between the center magnet and coils. When the center magnet
is too close to the coils, the magnetic attraction from the steel core on the
stator will attenuate the oscillations of the pendulum, thus a large damping
factor is introduced to the system. In contrary, as the distance between the
center magnet and coils increases, the magnetic field intensity will be dramatically reduced, and the induction output electricity will decrease accordingly.
Therefore, an optimal distance exists where a balance can be reached between
damping factor and induction efficiency. Allowing this distance to be adjustable permits finding the optimal location of the stator to generate more
power.
To optimize the output power, a theoretical model will be derived to fully understand
the behavior of the system. The model will be obtained using basic theories of
dynamics in conjunction with system identification. Theoretical and experimental
simulations will be carried out to evaluate the output voltage and power level of
the system. The optimal distance between the center magnet and the coils will be
determined. Subsequently, several experiments will be carried out with different
locations of bottom magnets and the different excitation levels. To further evaluate
the systems performance in harvesting energy from a human motion, simulations
will be conducted to simulate attaching the harvester to a human’s upper limb.
The charging characteristics of the device will be evaluated using a charging circuit
that implements a step-up converter and an energy harvesting regulation kit which
includes a rectifier, energy processor, and other functions.
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Thesis Organization

The rest of the thesis is organized as follows: In Chapter 2, the electromagnetic
vibration-based energy harvesting system is introduced; the governing equation of
motion is derived using Newton’s approach. Several parameters in the governing
equation are introduced and identified experimentally. In Chapter 3, the theoretical
response of the harvester is investigated under harmonic base excitations. An asymptotic solution governing the response of the system is obtained using the method
of multiple scales. Using the resulting solutions, the general nonlinear physics of
the system is investigated by obtaining analytical expressions for the steady-state
response amplitude, voltage, and output power. A series of experiments are carried
out to validate the models for different system’s parameters. In Chapter 4, the ability of the harvester to charge a battery from human motion is investigated. Finally,
in Chapter 5, several conclusions are discussed.

Chapter 2
Problem Formulation
This chapter introduces the proposed electromagnetic vibratory energy harvester.
A nonlinear electromechanical model that describes the interaction between the
mechanical and electrical subsystems is derived. Experimental system identification
is then implemented to characterize the nonlinear magnetic restoring torque, the
mechanical damping coefficient, the electromechanical coupling, and the moment of
inertia.

15
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Energy Harvesting Device

A schematic diagram of the magnetically levitated energy harvesting system is shown
in Fig. 1.4. The system consists of a magnetic pendulum oscillating between two
fixed magnets. The pendulum acts similar to a rotor in a DC generator, while the
fixed magnets which are poled opposite to the pendulum provide magnetic restoring
forces acting like a mechanical spring. When subjected to external base excitations,
the pendulum oscillates near a steel stator which has three poles of wound copper
coils as shown in the figure. The motion of the pendulum induces a time-varying
magnetic field in the flux path which generates electricity in the coils as per Faraday’s
law. The harvester can operate in the horizontal and vertical positions. Since each
coil can be treated as an AC voltage source and the neighboring coils generate
voltages with very small phase difference, the coils are connected in series.
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Equations of Motion

Figure 2.1: A schemetic diagram of the oscillating pendulum.

In this section, we obtain the equations governing the motion of the system assuming
that it is operating in the horizontal position. This can simulate a situation where
the harvester is used to generate energy from the motion of a computer mouse. We
implement a Newtonian approach wherein two frames are utilized. A fixed frame,
denoted by the !n vectors; and a rotating frame, denoted by the !b vectors, which is
always aligned with the pendulum arm as shown in Fig. 2.1. The position, velocity,
and acceleration vectors of the center of gravity with respect to point P are given
by
N G/P

!r

(2.2)

= (ẍ cos θ − ÿ sin θ − LG θ̈)b!1 + (ẍ sin θ + ÿ cos θ − LG θ̇2 )b!2 ,

(2.3)

!v

!a

(2.1)

= ẋn!1 + ẏ n!2 + LG θ̇b!1 ,

N G/P

N G/P

= xn!1 + y n!2 + LG b!2 ,
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where LG is the length from the suspension point, O, to the center of gravity, G.
The equations governing the motion of the mechanical subsystem can be obtained
by summing moments about point O. This yields:
! × mN !aG/P + IG θ̈,
M!O = OG

(2.4)

where IG is the mass moment of inertia about the center of gravity, m is the mass of
the pendulum, and MO is the external moments which consist of, the linear moment
due to mechanical viscous damping, Tm = cm θ̇; the moment due to energy generation
(Faraday’s law), Te = αi, also known as the electric damping, which is proportional
to the current drawn by the load, i; and, finally, the moment due to the magnetic
forces between the moving and fixed magnets (restoring torque), Tb (θ), which, in
general, is a nonlinear function of the angle θ. Substituting these expressions back
into Equation (2.4) and rearranging, we obtain
IO θ̈ + cm θ̇ + Tb (θ) + αi = −mLG ẍ cos θ + mLG ÿ sin θ,
where IO = IG + mL2G is the moment of inertia about point O.

Figure 2.2: Circuit diagram for the close-loop energy harvesting system.

(2.5)

Xiyuan Liu

Chapter 2. Problem Formulation

19

The dynamics of the harvesting circuit can be obtained by applying Kirchoff’s voltage law across the closed loop shown in Fig. 2.2. The back electromotive force (emf)
αθ̇ acts as an AC voltage source feeding the sum of the load and coil resistances.
This yields
i(Rload + Rint ) − αθ̇ = 0,

(2.6)

where Rint is the internal resistance of the coil, and Rload is the resistance of the
external load. Note that, in the previous equation, the inductance of the coil was
assumed to be negligible.
Equation (2.6) can be solved for the current and substituted back into Equation (2.7).
This yields
IO θ̈ + cθ̇ + Tb (θ) + αi = −mLG ẍ cos θ + mLG ÿ sin θ,

(2.7)

where c = cm + ce is the effective damping coefficient of the system and ce =
α2 /(Rint + Rload ) is the electric damping.
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System Identification

Figure 2.3: Experimental setup.

Several parameters in the resulting equation of motion, Equation (2.7), are not
easily modeled using a theoretical approach. For example, the restoring torque,
Tb (θ) is a nonlinear function that depends on the separation distance between the
magnets as well as the strength of the magnets among other parameter. Such
effects are very hard to capture accurately using a simplified magnetic interaction
models. Similarly, the mechanical and electrical damping parameters are difficult to
approximate using analytical approaches. As a result, we revert to an experimental
identification procedure carried on the system shown in Fig. 2.3.

2.3.1

Restoring torque

Since the interactions between two magnetic dipoles (pendulum and fixed magnets)
are inversely proportional to the square of the distance, r, between them, i.e., Fm ∝

Xiyuan Liu

Chapter 2. Problem Formulation

21

1/r2 , and since r, in the device proposed here, is a nonlinear function of the angular
displacement θ, one can express the restoring torque as a Taylor series expansion
in terms of θ, as long as, the angular displacement is not extremely large. In other
words, we can write
Tb (θ) =

3
!

kn θ n = k1 θ + k2 θ 2 + k3 θ 3 + . . . ,

(2.8)

n=1

where kn are functions of the design parameters. A specific parameter of interest is
the separation distance between that two fixed magnets which permits tuning the
linear stiffness of the device as will be shown later. Since the restoring torque is
only a function of the angle, θ, and not any of its derivatives, one can obtain the
unknown coefficients, kn , via a static analysis of the torque-angle curve.

Figure 2.4: Experimental setup.

To that end, as shown in Fig. 2.4, the pendulum arm was subjected to different
static loads and the torque and associated angle were measured. Since the separation
distance between that two fixed magnets play a critical role the restoring torque,
the results were repeated for different values of the separation distance d, where d
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is the distance between the end points and the fixed magnets. The larger the value
of d is, the smaller the separation distance between the magnets is. Results are
shown in Fig. 2.5 clearly illustrating a softening behavior in which the slope of the
torque-angle curves decreases as the applied torque is increased. Furthermore, as
the separation distance increases, larger torques become necessary to rotate the arm
to a given angle because of increased influence of the magnetic field.
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Figure 2.5: Torque-angule relation for different separation distances.

Using a least square approximation, the experimental data was fitted to a power
series yielding the following approximations:
k1 (d) = 0.03403d − 3.84629 × 10−5 ,

k2 = 0,

k3 (d) = −0.01786d2 + 4.30034 × 10−4 d − 2.77212 × 10−6 .

(2.9a)
(2.9b)

A comparison between the experimental data and the approximate series is shown
in Fig. 2.6.
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Figure 2.6: Comparison between the experimental data and the approximate series using least square approach. Stars denote experimental datas and dotted lines represent
simulation results.

2.3.2

Moment of inertia

Since the geometry of the pendulum and tip mass is not very simply as shown in
Fig. 2.3, obtaining the moment of inertia about point IO analytically does not yield
accurate results. As a result, we revert to the experimental data to identify the
value of the moment of inertia. Referring back to Equation (2.7), the moment of
inertia of the pendulum can be related to the linear stiffness, k1 (d), and the natural
frequency of the oscillator, ω0 , via
IO = k1 (d)/ω02 .

(2.10)

Since k1 (d) has been already obtained in the previous section, the moment of inertia
can now be obtained by finding the natural frequency of the oscillator. This, in turn,
can be found by subjecting the pendulum to small initial conditions and recoding
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the resulting Fast Fourier Transform (FFT) of the response. As long as the initial
conditions are relatively small, the effect of the nonlinearity on the natural frequency
can be neglected and its value can be approximated using the largest peak in the
FFT.
Figure 2.7 depicts the FFT for four values of the separation distance clearly indicating that the natural frequency of the system decreases as the separation distance
between the magnets increases. Using the resulting peaks in the FFT, four different
values for the moment inertia were calculated at d=0.01397 m, 0.01651 m, 0.01905
m and 0.02158 m. The average of these values is IO = 1.21265 × 10−5 kg.m2 with a
maximum percentage error of 15.1%.

Figure 2.7: Fast Fourier transform of the system for different separation distances

Xiyuan Liu

2.3.3

Chapter 2. Problem Formulation

25

Damping coefficient

Figure 2.8: Displacement-time plot of an under damped system with general inertial
conditions

The effective damping coefficient consists of two components: mechanical and electrical damping. The total damping coefficient can therefore be expressed as
c
cm + ce
=
= 2ξω0 = 2(ξm + ξe )ω0 ,
IO
IO

(2.11)

where ξ is the total damping ratio and ξm and ξe are, respectively, the mechanical and
electrical damping ratios. Note that the mechanical damping ratio is independent
of the electric load while the electrical also depends on the external load. To obtain
the mechanical damping ratio, we, first, short circuit the electric connection such
that ξe = 0 (no current flow, and, hence, αi = 0). We then subject the system to
an initial condition and record the time history as shown in Fig. 2.8. The time
history is then used to calculate the damping ratio using the logarithmic decrement
approach where
ξ=√

δ
4π 2

+ δ2

,

(2.12)
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and δ is the logarithmic decrement, defined by
δ = ln

x(t)
,
x(t + T )

(2.13)

where T = Ti+1 − Ti is the period of oscillation. Figure 2.9 depicts the value of
the mechanical damping ratio as function the separation distance. As expected,
since the restoring torque is only a function of the angle θ, the separation distance
does not influence the mechanical damping ratio which remains almost constant at
ξm = 0.01447.
To obtain the electrical damping ratio, we load the circuit such that Rload = Rint =
55.5Ω. The process of using the logarithmic decrement is then repeated and the
total damping coefficient is calculated at ξ = 0.01676. With that, the electrical
damping ratio can be calculated via ξe = ξ − ξm = 0.00229. Note that the electrical
damping is much smaller than the mechanical damping.
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Figure 2.9: Experimental results for the effective and mechanical damping ratios.

Since the electrical damping changes with the electric load, it is essential to back
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calculate the electromechanical coupling coefficient, α, which remains constant for
given design parameters. This can be obtained via
α=

"
2ωn ξe (Rint + Rload )IO ,

which for this harvester yields, α=0.0053 N.m/Ampere.

(2.14)

Chapter 3
Asymptotic Behavior and
Experimental Validation
In this chapter, we firstly investigate the theoretical response of the harvester under
harmonic base excitations. An asymptotic solution governing the response of the
system is obtained using the method of multiple scales. Analytical expressions for
the steady-state response amplitude, voltage and output power are then investigated
using the resulting solutions. To validate these solutions and better understand
the behavior of the energy harvesting system, a series of experimental tests are
performed and compared with theoretical predictions. The experimental tests are
used to delineate the influence of the excitation frequency and separation distance
between the stationary magnets on output voltage and power.
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Asymptotic Behavior Analysis

We start by considering the equation governing the motion, Equation (2.4), which
can be written in the form
θ̈ + 2ξω0 θ̇ + ω02 θ + k ! θ3 =
where ω0 =

#

k1
IO

mLG
(−ẍ cos θ + ÿ sin θ),
IO

is the natural frequency of the pendulum and k ! =

(3.1)
k3
IO

is the coef-

ficient of cubic nonlinearity. We assume that the harvester is subjected to harmonic
base excitation of the form ẍ = ẍ!b cos(ωt) and ÿ = 0. In other words, only harmonic
base excitation perpendicular to the pendulum arm are considered. Those that are
parallel usually produce a parametric term that excites large amplitude motions near
twice the natural frequency of the oscillator which is not the scope of this work. We
further expand “ cos θ” in a Taylor series up to cubic terms about θ = 0. This yields
$
%
mLG !
θ2
2
! 3
θ̈ + 2ξω0 θ̇ + ω0 θ + k θ = −
ẍ cos(ωt) 1 −
,
(3.2)
IO b
2
We non-dimensionalize the equations of motion by letting
τ = tω0 ;

ẍb =

ẍ!b
,
LG ω02

and obtaining
3

θ̈ + 2ξ θ̇ + θ + δθ = η cos Ωτ
where δ =

k!
;
ω02

η=−

mL2G ẍb
;
IO

Ω=

ω
.
ω0

$

θ2
1−
2

(3.3)
%

,

(3.4)

Note that the dots represent deriva-

tives with respect to the non-dimensional time, τ .
To obtain a solution of Equation (3.4), we implement the method of multiple scales.
To that end, we introduce new time independent variables in the form
Tn = *n τ ;

n = 0, 1, 2... .

(3.5)

with that the time derivatives with respect to τ become
d
= D0 + *D1 + ... ,
dτ
d2
= D12 + 2*D0 D1 + ... ,
2
dτ

(3.6a)
(3.6b)
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The solution of Equation (3.4) is represented by an expansion of

the form
θ(τ ; *) = θ0 (T0 , T1 , ...) + *θ1 (T0 , T1 , ...) + ... .

(3.7)

Further, the non-dimensional parameters are scaled such that the effect of forcing,
damping, and nonlinearity appears at the same order of the perturbation problem;
i.e.
ξ = *ξ;

δ = *δ;

η = *η.

(3.8)

Substituting Equations (3.5)-(3.8) back into Equation (3.4) and collecting terms of
the same order of * yields
O(*0 ) : D02 θ0 + θ0 = 0,
(3.9a)
$
%
θ2
O(*1 ) : D12 θ1 + θ1 = −2D0 D1 θ0 − 2ξD0 D1 − δθ03 + η 1 − 0 cos(ΩT0 ). (3.9b)
2
Since large amplitude motions occur near the natural frequency of the pendulum,
i.e. ω = ω0 , or Ω = 1, we study the dynamics around Ω = 1 by introducing the
detuning parameter, σ; i.e., we let
Ω = 1 + *σ.

(3.10)

The solution of the first order problem, Equation (3.9a), can be expressed in the
following complex form:
θ0 = A(T1 )eiT0 + Ā(T1 )e−iT0 ,

(3.11)

where A(T1 ) is a complex-valued function which will be determined at a later stage
in the analysis. Substituting Equation (3.11) into Equation (3.9b), then eliminating
the scaler terms; i.e., terms proportional to eiT0 , yields
η
1
η
−2iD1 A − 2ξiA + eiσT1 − ηA2 e−iσT1 − A2 Āe−iσT1 − 3δA2 Ā = 0.
2
4
2

(3.12)

Equation (3.12) is a nonlinear differential equation in the unknown complex function
A(T1 ). To solve this equation, we find it convenient to express A in the polar form
1
A = aeiβ ,
2

1
Ā = ae−iβ .
2

(3.13)
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Substituting Equation (3.13) back into Equation (3.12), then separating real and
imaginary parts, yields
η
1
D1 a = −ξa + (1 − a2 ) sin γ,
2
8
3 3 η
3
aD1 γ = σa − γa + (1 − a2 ) cos γ,
8
2
8

(3.14a)
(3.14b)

where γ = σT1 − β.
Equations (3.14) are known as the modulation equations because they govern the
slow modulation of the amplitude and phase of the response. In energy harvesting,
we are more interested in the asymptotic solutions, i.e. the steady-state amplitude
and phase of the response. These can be obtained by setting D1 a = D1 γ = 0, which
yields
η
1
ξa0 = (1 − a20 ) sin γ0 ,
2
8
3 3 η
3
−σa0 + γa0 = (1 − a20 ) cos γ0 .
8
2
8

(3.15a)
(3.15b)

Squaring and adding Equation (3.15) allows us to eliminate the phase and obtain
the following nonlinear frequency-response equation for the amplitude, a0 :
( 38 δa30 − σa0 )2
η2
ξ 2 a20
=
+
.
4
(1 − 18 a20 )2
1 − 38 a20

(3.16)

For a given value of the frequency detuning parameter, σ, and a forcing level, η,
Equation (3.16) can be solved numerically for the steady-state amplitude a0 . The
steady state angular displacement and voltage can be expressed as
θ(τ ) = a0 cos(Ωτ − γ0 );
V (t) = α

θ(t) = a0 cos(ωt − γ0 ),

dθ
= −αa0 ω0 sin(ωt − γ0 ).
dt

(3.17a)
(3.17b)

With that, instantaneous amplitude of the output power delivered to the load can
be written as
Pload =

|V |2
α2 ω 2 a20
=
.
Rload
Rload

(3.18)
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To find the optimal load resistance, we express the power in the form
Pload = Rload i2 =

Rload V 2
.
(Rint + Rload )2

(3.19)

We differentiate Equation (3.19) with respect to Rl oad and obtain
dPload
V 2 (Rint + Rload )2 − Rload V 2 · 2(Rint + Rload )
=
.
dRload
(Rint + Rload )4

(3.20)

Setting Equation (3.20) equal to zero and knowing that Rload + Rint %= 0, yields,
Rload−opt = Rint .

(3.21)

Thus the maximum power is
Pload max =

3.2

V2
.
4Rint

(3.22)

Voltage-Frequency Response

In the first set of experiments, the harvester is subjected to harmonic base excitations
via an electrodynamic shaker, as shown in Fig. 2.3. The excitation frequency is
changed quasi-statically while the acceleration is kept constant using a closed-loop
approach that measures the base acceleration via an accelerometer mounted onto the
shaker surface and drives the error between the measured and desired acceleration
to zero. The steady-state voltage developed across a purely resistive load is then
recorded.
The effect of changing the separation distance between the magnets on the voltage amplitude and peak frequency is first investigated. Equation (3.17b) is used
to generate the theoretical voltage response curves for a small acceleration of 2.0
m/s2 and a load resistance of 55.5 Ω. As depicted in Fig. 3.1(a) and Fig. 3.1(b),
the voltage-response curves exhibit an almost linear behavior for the small level of
input acceleration used. The effect of the nonlinearity resulting from the restoring
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torque does not appear unless the angular displacement is sufficiently large. When
the separation between the center magnets increases (d decreases), the peak of the
response amplitude shifts toward smaller frequencies and the peak amplitude decreases. The shift in the peak frequency is due to a reduction of the restoring torque
resulting from the increased distance between the fixed magnets and the pendulum
tip magnet. This magnetic effect can be used to shift the harvester’s oscillation
frequency toward lower frequencies which is desirable, knowing that most common
excitations have lower frequency components. For instance, the average frequency
of the human jogging motion is measured at 2.6-2.8 Hz [27, 28].
0.25
d=0.01905m
0.2

Voltage(V)

d=0.01651m

d=0.02158m

0.15
d=0.01397m

0.1

0.05

0

1

2

3

4

5

6

7

8

9

10

11

8

9

10

11

Frequency(Hz)

(a)
0.18
d=0.01905 m
0.16
d=0.02158 m

d=0.01651 m

0.14

Voltage(V)

0.12
d=0.01397 m
0.1
0.08
0.06
0.04
0.02
0

1

2

3

4

5

6

7

Frequency(Hz)

(b)

Figure 3.1: (a) Voltage response for different separation distances at open circuit. (b)
Voltage response for different separation distances and Rload = Rint = 55.5Ω. Dots
represent experimental findings.
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The decrease in the oscillation frequency however has a negative influence on the
voltage amplitude. This can be easily explained by inspecting Equation (3.17b)
which illustrates that the output voltage is directly proportional to the excitation
frequency. Experimental results reveal similar trends and good agreement with the
theoretical findings.
The influence of the base acceleration on the output voltage is investigated in Fig.
3.2(a) and 3.2(b). For both open loop and closed loop circuit and relatively low
excitation levels, such as x¨b =1.5 m/s2 or x¨b =2.5 m/s2 , the frequency response of
the system exhibits a linear behavior. However, an increase in the base excitation
amplitude, up to x¨b =8 m/s2 , causes the frequency-response curves to bend towards
smaller frequency. This softening type nonlinear behavior results in the appearance
of coexisting periodic attractors in the frequency-response curves at frequencies that
are slightly smaller than the natural frequency of the harvester. This is also evident
in the experimental results further confirming the validity of the derived theoretical
model.
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Figure 3.2: (a) Voltage response at open circuit. (b) Voltage response at Rload = Rint =
55.5Ω. Dots represent experimental findings.

Figure 3.3 depicts variation of the output power of the harvester with the load
resistance. Since the internal (coil) resistance of the energy harvester is measured at
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around 55.5 Ω, impedance matching suggests that maximum power can be delivered
to a load resistance close to that value, which is confirmed in Fig. 3.3. Since the
excitation frequency was chosen to be 5.4 Hz, which is very close to the natural
frequency of the system with d=0.02158 m, maximum output power is achieved at
this value of d.
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Figure 3.3: Variation of the output power with the load resistance for different separation
distances between the stationary magnets. Results are obtained for a base acceleration of
2 m/s2 at a frequency of 5.4 Hz. Dots represent experimental findings.

Chapter 4
Case Study: Charging a Battery
This chapter discusses an actual implementation where the harvester is mounted on
an arm to harvest energy from human motion. The performance of the harvester
in charging a capacitor using an energy harvesting kit with different excitation frequencies and acceleration is investigated.
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Harvesting Energy from Human Motion

In this section, we simulate the case where the harvester is mounted on a human arm
and is scavenging energy from the stride motion. In such a scenario, the harvester
is mounted in the inverted vertical position, and the gravitational field plays an
important role in the expression for the restoring moment which can now be written
as (see Chap 2 for more details)
MO" = −cm θ̇ − Tb (θ) + mgLG sin θ,

(4.1)

where the last term in Equation (4.1) represents the moment resulting from gravitational forces. Substituting Equation (4.1) into Equation (2.4) and simplifying, the
governing equation for the energy harvesting in the vertical position.
(IG +mL2G )θ̈+(cm +ce )θ̇+k1 θ+k3 θ3 −mgLG sin θ = −mLG ẍ cos θ+mLG ÿ sin θ. (4.2)
Applying the Taylor expansion, the term sin θ can be rewritten as
∞
!
(−1)n 2n+1
θ3 θ5
sin θ =
θ
=x−
+
− ...f or all θ
(2n + 1)!
3!
5!
n=0

(4.3)

To simplified the expression, we ignored the terms whose orders are higher than 2.
Considering the angular displacement is very small, sin θ and cos θ can be treated as
θand0 respectively. Substituting the simplification terms into Equation (4.2) which
becomes,
(IG +mL2G )θ̈+(cm +ce )θ̇+(k1 −mgLG )θ+(k3 +mgLG /6) = −mLG ẍ+mLG ÿθ (4.4)
Considering the acceleration along y-direction is much smaller than that along xdirection, therefore, it is neglected. Equation (4.4) can be written in the form
$
%
mLG !
θ2
"
"2
"! 3
θ̈ + 2ξω0 θ̇ + ω0 θ + k θ = −
ẍ cos(ωt) 1 −
,
(4.5)
IO b
2
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where IO =IG + mL2G is the moment of inertia of the pendulum for the vertical situation, 2ξω0" = (cm + ce ) represents total damping coefficient, ξ is the total damping
#
G /6
"
G
ratio, ω0 = k1 −mgL
is the natural frequency of the pendulum and k "! = k3 +mgL
.
IO
IO
By non-dimensionalizing the equations of motion by letting
τ = tω0 ;

x¨b =

ẍ!b
,
LG ω02

and obtaining

$

θ2
θ̈ + 2ξ θ̇ + θ + δ θ = η cos(Ω τ ) 1 −
2
"

where δ " =

k!!
,
ω0!2

η=−

" 3

mL2G ẍb
,
IO

Ω" =

ω
.
ω0!

"

(4.6)

%

,

(4.7)

Note that the dots represent derivatives with

respect to the non-dimensional time, τ .
Applying the method of multiple scales, as done in Chap 3, to Equation (4.7), we
obtain the following nonlinear frequency-response equation
" 2
( 38 δ " a"3
η2
ξ 2 a"2
0 − σa0 )
0
=
+
,
2
4
(1 − 18 a"2
1 − 38 a"2
0)
0

(4.8)

where σ is a detuning parameter. To simulate Equation (4.8), the forcing function
applied by the human arm on the harvester should be determined first. The common
motion pattern of an upper limb of a human body during normal walking and jogging
is out-of-phase swing, which can be modeled as a single simple pendulum with the
mass concentrated at the center of the upper limb, as shown in Fig. 4.1. Here Q
represents the base of the harvester, and φ denotes the angular displacement of the
arm. Using Newton’s equations, the acceleration of point Q as a result of the arm
motion can be expressed as
N Q/O

!a

= d0 φ̈!b1 + d0 φ̇2!b2 ,

(4.9)

where d0 is the distance of from point O to point Q, φ̈ is the angular acceleration
of the arm, and φ̇ is its angular velocity.
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(a)

(b)

Figure 4.1: (a) Working model of the harvester. (b) Frames used in the equations of
motion.

Assuming that the arm moves sinusoidally with a maximum angle, φ0 , and frequency,
ω. The angular velocity and angular acceleration can be, respectively, written as
φ̇ = ωφ0 cos(ωt),

φ̈ = −ω 2 φ0 sin(ωt)

(4.10)

For a healthy adult, the swing frequency during normal walking and jogging are
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0.8 − 1.1 Hz and 2.6 − 2.8 Hz, respectively, with different stride speed [27, 28], and
the average length of human upper limb is 33.5 cm [29]. Based on this data, and
choosing d0 = 15 cm and φ0 = 0.2 rad, the acceleration at the base of the pendulum
can range from ẍ = 0.75 − 9.25 m/sec2 and ÿ = 0.15 − 1.85 m/sec2 .
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Figure 4.2: Voltage response under various accleration levels replicating the jogging motion of a human. Dots represent experimental results.

To replicate these case scenarios in an experimental setting, that harvester was
mounted on the shaker in the vertical direction and subjected to three different
medium acceleration levels, namely, ẍ= 1.5 m/s2 , 2 m/s2 , and 2.5 m/s2 . Since the
excitation frequency needs to be as close as possible to the natural frequency to
maximize transduction, a d value of 0.01397 m is chosen which yields a fundamental
frequency of 3.2 Hz, closest to the jogging condition. Frequency response curves
are shown in Fig. 4.2 illustrating that at 2.8 Hz and an acceleration of 2.5 m/s2 ,
the harvester can generate up to 0.1 V. Note that, based on our calculations, the
harvester will be subjected to almost 4 times this acceleration during jogging which
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means that the harvester can generate up to 0.4 V in an actual scenario.

4.2

Charging Performance

In this section, we investigate the ability of the harvester to charge a storage device
by using the proper charge-collection circuitry. In general, such circuitry, as depicted
in Fig. 4.3, includes an energy harvesting device, and energy storage device, a
recharging circuit, a smart regulator, and an energy monitor.

Figure 4.3: A general framework of an energy harvesting system.

The harvesting device in this case is the proposed electromagnetic energy harvester
which generates usable electric energy from a human motion. Rechargeable batteries, capacitor, and ultra-capacitors are the most commonly used energy storage
devices. Capacitors are used when the application needs to provide huge energy
spikes while batteries leak less energy and are, therefore, used when the device
needs to provide a steady flow of energy.
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The recharging circuit is a condition circuit for the energy storage device with at
least two functions. The first is rectification, which is used to convert the alternating
current (AC) to a direct current (DC). The other function is to match the charging
profile of the energy storage device. For example, to charge a rechargeable battery
the voltage of the charging source must be higher then the battery itself. The smart
regulator is used to enhance the energy utilization and can be connected to the
recharging circuit as long as the amount of power is sufficient to drive the additional
electronic devices.

Figure 4.4: CBC-EVAL-09 Demo Kit - 5 × 2 inches.

In our research, we used a universal energy harvesting kit CBC-EVAL-09 designed
by CYMBET Corporation[30]. The kit combines one of multiple energy harvesting
transducers with the EnerChipT M EP CBC915-ACA Energy Processor and the
EnerChip CBC51100 100 µAh solid state battery module with two 50 µAh EnerChip
Solid state batteries connected in parallel. A photo of CBC-EVAL-09 board is shown
in Fig. 4.4
The utilized chip contains several new technological advances, namely; its ability
to connect to any energy harvesting transduction mechanism; the utilization of
a high energy efficiency Maximum Peak Power Tracking algorithm for charging;
and EnerChip solid state batteries for energy storage when the energy harvester is
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inactive. Figure 4.5 depicts a demo kit block diagram for EnerChip CBC-EVAL-09.

Figure 4.5: EnerChip CBC-EVAL-09 Demo Kit Block Diagram using the CBC51100
EnerChip 100µAh Module.

To complete the charging experiments, we connect the output wires of the electromagnetic energy harvester to one of the inputs on the CBC-EVAL-09 harvesting
chip. Since the voltage from the harvester is normally less than 1 V, we choose the
chip’s input “AC IN” (for the harvester with output voltage lower than 4.06 V) and
configure the chip according to the “input selection J19” designed for electromagnetic/RF generator transducers. To test the charging performance of the harvester,
the checkpoint of the TP6-VCAP is chosen (voltage across a 1000µF output capacitor), which reaches a maximum voltage of 3.6 V when fully charged.
Figure 4.6 depicts the charging curves of the output capacitor at a constant excitation amplitude and a variable excitation frequency ranging between 2.8 and 3.0
Hz. The results demonstrate that we can successfully charge the capacitor using the
proposed electromagnetic energy harvester. However, outside the frequency range
of 2.8 − 3.0 Hz, which represents the resonance bandwidth of the harvester, the
capacitor cannot be charged unless the base acceleration is increased.
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Figure 4.6: Charging curves for base acceleration of 5.5 m/sec2 and three different frequencies.

We also notice that the charging curves have two slopes during charging. This
is because the energy processor CBC 915-ACA uses two different algorithms when
charging the output capacitor. Below 2 V, the capacitor is pulse charged, while above
2 V, the capacitor is charged continuously. The pulse charge is used to effectively
make the CBC915 appear like a current source which limits the voltage drop on the
boost converter when initially charging the capacitor as the stored voltage is too
low. Above 2V, the capacitor is tied directly to the output of the boost converter
to increase charge rate which is why the slope on the curve increases.
Figure 4.7 depicts the charging curves at a constant excitation frequency and variable excitation amplitude. It is evident that the charging time decreases as the
excitation amplitude increases. For instance, at a base acceleration of 4.5 m/sec2 ,
the charging time is about 1200 seconds. However, when the acceleration is in-
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creased to 9.7 m/sec2 and 12.6 m/sec2 , the charging time decreases to 470 and 400
seconds, respectively.
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Figure 4.7: Charging circuit connecting to EVAL-09 energy harvesting kit for different
shaking amplitude at 3 Hz excitation frequency.

When charging the output capacitor is complete, the output voltage of EnerChip
will remain constant at 3.5 V, and, therefore, can be used to charge a battery. For
the EVAL-09 kit, two 50 µAh solid state batteries connected in parallel are used.
As showing in Fig. 4.8, by connecting pins 1 and 2 of the CBC 51100 module to Neg
lead on Amp meter, tying Pos lead of Amp meter to VEC (TP 9) while connecting
pin 7 to ground, and the current that goes into can be measured at about 0.6 mA.
Then if considering about 20 % efficiency loss, the time for charging a battery can
be calculated via
t=

Q × (1 + 20%)
,
I

(4.11)

where Q is the capacity of the battery and I is the charging current. WIth that,
charging a battery with a capacity of 100 µAh requires about 12 minutes.
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Chapter 5
Conclusions
This thesis explored the use of an electromagnetic vibratory energy harvester to
power consumer electronics. The harvester is designed to generate electricity during
regular human motion, e.g., walking or jogging and can be attached to a person’s
arm to generate energy.
The device consists of a magnetic pendulum oscillating between two fixed magnets.
The pendulum acts similar to a rotor in a DC generator, while the fixed magnets
which are poled opposite to the pendulum provide magnetic restoring forces acting
like mechanical springs. When subjected to external base excitations, the pendulum
oscillates near a steel stator which has three poles of wound copper coils. The
motion of the pendulum induces a time-varying magnetic field in the flux path
which generates electricity in the coils as per Faraday’s law. The harvester can be
operated in the horizontal and vertical positions.
After introducing the experimental system, the thesis goes into deriving a nonlinear
electromechanical model that describes the interaction between the mechanical and
electrical subsystems. Experimental system identification is then implemented to
characterize several unknown design parameters, including the nonlinear magnetic
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restoring torque, the mechanical damping coefficient, and the electromechanical coupling. The derived nonlinear mathematical model, which mimics the behavior of a
damped Duffing oscillator, is then solved analytically using the method of multiple
scales and the results are compared to experimental data showing good agreement
for the design parameters considered.
The effect of changing the separation distance between the stationary tuning magnets on the voltage amplitude and peak frequency is investigated. It is shown that
as the distance between the magnets is increased, the peak frequency can be shifted
towards smaller values offering unique tunability characteristics where the frequency
can be adjusted to specific values that match user requirements, thereby increasing
the power generated. It is also shown that as the distance between the magnets
is increased, the peak power decreases for a given input acceleration. The device
is shown to exhibit a linear behavior for small accelerations and a softening-type
response when the acceleration is increased. Under optimal loading conditions, the
device is capable of generating 1.6 mW of output power at a frequency of 5.2 Hz
and a base acceleration of 0.2 m/sec2 .
The performance of the device in charging a small battery from jogging was also
investigated. The nature of the excitation to which the harvester is subjected while
attached to a human arm during jogging was first characterized. It is found that
during jogging, the frequency of arm’s swinging motion ranges between 2.6 and 2.8
Hz. The typical acceleration to which the harvesters is subjected is calculated to be
around 9 m/sec2 . Such conditions are reproduced on an electrodynamic shaker and
used to charge a 100 µAh battery. The estimated charging time is approximated at
12 minutes.
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